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Abstract. The /l-dependent KP hierarchy is a formulation of the KP hier- 
archy that depends on the Planck constant h and reduces to the dispersion- 
less KP hierarchy as — > 0. A recursive construction of its solutions on the 
basis of a Riemann-Hilbert problem for the pair (L, M) of Lax and Orlov- 
Schulman operators is presented. The Riemann-Hilbert problem is converted 
to a set of recursion relations for the coefficients Xn of an Ti-expansion of 
the operator X = Xq + hXi + h^X2 + ■ ■ ■ for which the dressing operator 
W is expressed in the exponential form W = exp(X/rt). Given the lowest 
order term Xq, one can solve the recursion relations to obtain the higher 
order terms. The wave function 'I' associated with W turns out to have 
the WKB form 'I' = exp(S'/?i), and the coefficients Sn of the ?l-expansion 
S = So + hSi + S2 + ■ ■ ■ , too, are determined by a set of recursion rela- 
tions. This WKB form is used to show that the associated tau function has 
an ?i-expansion of the form log t = h~'^ Fq + Fi + F2 + ■ ■ ■ ■ 

0. Introduction 

The KP hierarchy can be completely solved by several methods. The most clas- 
sical methods are based on Grassmann manifolds |SS) , [SWj , fermions and vertex 
operators pJKMi and factorisation of microdifferential operators [Muj . Unfor- 
tunately, those methods are not very suited for a "quasi-classical" (/i-dependent, 
where h is the Planck constant) formulation [TT2| of the KP hierarchy. 

The ?i-dependent formulation of the KP hierarchy was introduced to study the 
dispersionless KP hierarchy |KG| . |Kr] . |TT1| as a classical limit (i.e., the lowest 
order of the ?i-expansion) of the KP hierarchy. This point of view turned out to be 
very useful for understanding various features of the dispersionless KP hierarchy 
such as Lax equations, Hirota equations, infinite dimensional symmetries, etc., in 
the light of the KP hierarchy. In this paper, we return to the ^.-dependent KP 
hierarchy itself, and consider all orders of the ?i-expansion. 

We first address the issue of solving a Riemann-Hilbert problem for the pair 
(L, M) of Lax and Orlov-Schulman operators |t)S . This is a kind of "quantisation" 
of a Riemann-Hilbert problem that solves the dispersionless KP hierarchy [ TTlj . 
Though the Riemann-Hilbert problem for the full KP hierarchy was formulated 
in our previous work f TT2] . we did not consider the existence of its solution in a 
general setting. In this paper, we settle this issue by an /i-expansion of the dressing 
operator W , which is assumed to have the exponential form W = exp{X/h) with an 
operator X of negative order. Roughly speaking, the coefficients X„, n = 0, 1, 2, . . ., 
of the ?i-expansion of X are shown to be determined recursively from the lowest 
order term Xq (in other words, from a solution of the dispersionless KP hierarchy). 
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We next convert this result to the language of the wave function ^. This, too, 
is to answer a problem overlooked in our previous paper |TT2j . Namely, given 
the dressing operator in the exponential form W = exp(X//i), we show that the 
associated wave function has the WKB form = exp(5'/?i) with a phase function 
S expanded into nonnegative powers of ft. This is genuinely a problem of calculus 
of microdifferential operators rather than that of the KP hierarchy. A simplest 
example such as X = x{hd)~^ demonstrates that this problem is by no means 
trivial. Borrowing an idea from Aoki's "exponential calculus" of microdifferential 
operators [A: , we show that dressing operators of the form W = exp{X/h) and wave 
functions of the form 5* — exp(5'/ft) are determined from each other by a set of 
recursion relations for the coefficients of their ft-expansion. More precisely, we need 
many auxiliary quantities other than X and S, for which we can derive a large set 
of recursion relations. Thus our construction is essentially recursive. Consequently, 
the wave function of the solution of the aforementioned Riemann-Hilbert problem, 
too, are recursively determined by the ft-expansion. 

Having the ft-expansion of the wave function, we can readily derive an ft-expansion 
of the tau function as stated in our previous work (TT2l . This ft-expansion is a 
generalisation of the "genus expansion" of partition functions in string theories and 
random matrices P, [Kr], [Mq], |dFGZ| . 

This paper is organised as follows. Section 1 is a review of the ft-dependent formu- 
lation of the KP hierarchy. Relevant Riemann-Hilbert problems are also reviewed 
here. Section 2 presents the recursive solution of the Riemann-Hilbert problem. A 
technical clue is the Campbell-Hausdorff formula, details of which are collected in 
Appendix A. The construction of solution is illustrated for the case of the Kont- 
sevich model |AvM) in Appendix B. Section 3 deals with the ft-expansion of the 
wave function. Aoki's exponential calculus is also briefly reviewed here. Section 4 
mentions the ft-expansion of the tau function. Section 5 is devoted to concluding 
remarks. 
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In this section we recall several facts on the KP hierarchy depending on a formal 
parameter ft in |TT2| . §1.7. 

The ft-dependent KP hierarchy is defined by the Lax representation 
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and "( )>o" stands for the projection onto a differential operator dropping negative 
powers of d. The coefficients Un{h,x,t) of L are assumed to be formally regular 
with respect to h. This means that they have an asymptotic expansion of the form 
u„(h,x,t) = X]m=o fi"'uir\x,t) as h-i'O. 

We need two kinds of "order" of microdifferential operators: one is the ordinary 
order, 

(1.3) ord (J2 an^x, t)ra™) max |m ^ a„,™(x, t)fi" 1 , 
and the other is the fi,-order defined by 

(1.4) ord'' (J2 °".™(^' max{m - n \ a„,™(a:, t) ^ 0}. 

In particular, ord'' ft = —1, ord'' 9 = 1, ord'^ hd = 0. For example, the condition 
which we imposed on the coefficients Un{fi,x,t) can be restated as ord''(L) — 0. 

The principal symbol (resp. the symbol of order I) of a microdifferential operator 
A = J2 o,n,m{x, t)fi^d"^ with respect to the /i-order is 

(1.5) a^A)"^' J2 «n.™(=^'Or 

m—n—ord{A) 

(1.6) (resp. (A) an,m{^,t)C)- 

ra—n—l 

When it is clear from the context, we sometimes use instead of af. 

Remark 1.1. This "order" coincides with the order of an microdifferential operator 
if we formally replace h with i9(~^, where to is an extra variable. In fact, naively 
extending (|l.ip to n = 0, we can introduce the time variable on which nothing 
depends. See also jKR] . 

As in the usual KP theory, the Lax operator L is expressed by a dressing operator 
W: 

(1.7) L = AAW{hd)^W{hd)W-^ 
The dressing operator W should have a specific form: 

(1.8) W = exp(ft-iX(;i, x, t, fta))(ft9)"('"')/^ 

OO 

(1.9) X(fi,2;,t,ft9) = ^Xfe(ft,a;,^)(ft9)-^ 

k=l 

(1.10) OT:d^{X{h, x, t, hd)) = ord'"' a{h) = 0, 

and a{h) is a constant with respect to x and t. (In [TT2| we did not introduce a, 
which will be necessary in Section O) 

The wave function ^{h, x, t; z) is defined by 

(1.11) ^(/i, X, t- z) = iye(^^+'^(*'^»/'', 
where Q{t, z) = ^n^"- It is a solution of linear equations 

L* = z*, h—=Bn-^ (n = l,2,...), 

Ot'n 
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and has the WKB form (j3.2p . as we shah show in Section|3l Moreover it is expressed 
by means of the tau function T{h,t) as fohows: 

(1.12) v,(,,.,,;.).l(i±iL_^e-^C(M), 

T{t) 

where t + x = (ti +2:, t2, ts, . . . ) and [z"^] = {1/z, l/2z'^, l/3z^, ...). We shall study 
the ?i-expansion of the tau function in Section |4l 
The Orlov-Schulman operator M is defined by 

(1.13) M = Ad {Wexp{h-^Cit, fid)))x^W (^nt„{hd)"-^ +x^ W'^ 

where C,{t, hd) = X^S^i iri(^9)". It is easy to see that M has a form 
00 00 

(1.14) M ^7it„L"-i +a; + a(ft)L-i + ^ w„(?i, x, 

n— 1 n— 1 

and satisfies the following properties: 

• ord'^(M) = 0; 

• the canonical commutation relation: [L, M\ — h; 

• the same Lax equations as L: 

(1.15) n^^[Br,,Ml n = l,2,.... 

otn 

• another linear equation for the wave function ^P: 

oz 

Remark 1.2. If an operator M of the form (|1.14p satisfies the Lax equations (jl.lSp 
and the canonical commutation relation [L, M] = H with the Lax operator L of the 
KP hierarchy, then a{h) in the expansion (I1.14p does not depend on any i„ nor on 
X. In fact, expanding the canonical commutation relation, we have 

h + h——{hd)^^ + (lower order terms) = h, 



dx 

which implies f| = 0. Similarly, from p^TS]) follows ^ = with the help of ([rT|) 
and [U\ M] = nhU'~\ 



The following proposition (Proposition 1.7.11 of |TT2j ) is a "dispersionful" coun- 
terpart of the theorem for the dispersionless KP hierarchy found earlier (Proposition 
7 of [TTT] : cf. Proposition [m below). 

Proposition 1.3. (i) Suppose that operators f{h,x,hd), g{h,x,hd), L and M 
satisfy the following conditions: 

• ord^/ = ord\g-0, [f,g]^h; 

• L is of the form and M is of the form PTTI)) . [L, M] = h; 

• f{h,M,L) and g[h, M, L) are differential operators: 

(1.16) ifih,M,L))<o = ig{h,M,L))<o = 0, 

where ( )<o is the projection to the negative order part: P<o P — P>o- 
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Then L is a solution of the KP hierarchy and M is the corresponding Orlov- 

Schulman operator. 

(ii) Conversely, for any solution {L,M) of the H-dependent KP hierarchy there 
exists a pair {f,g) satisfying the conditions in (i). 

The leading term of this system with respect to the ?i-order gives the dispersion- 
less KP hierarchy. Namely, 

oo 

(1.17) C a'"'(L) =i + Y, Uo^n+i^", ^r^'K+i)) 

ri=l 

satisfies the dispersionless Lax type equations 
dC 

(1.18) — = ^?„ = (£")>o, n = l,2,..., 

Otn 

where ( )>o is the truncation of Laurent series to its polynomial part and {, } is 
the Poisson bracket defined by 

r , ,N w da db da db 

(1.19) H^'^)'^(-'^)} = ac^-a^ac- 

The dressing operation (II. 7p for L becomes the following dressing operation for 

C: 

C = exp(ad{ } Xq) exp(ad{j aolog^)^ = exp(ad{j Xq)^, 
^^■^"^ Xo:=<j\X), ao-.^a'^a) 

where ad{,}(/)(g) {f,g}. 

The principal symbol of the Orlov-Schulman operator is 

oo oo 

(1.21) X = ^ni„/:"-i+a: + ao>C-^ + ^«o.n>C-""\ vo,„ := a'*(w„), 

n— 1 n— 1 

which is equal to 

(1.22) M = exp(ad{ J Xq) exp(ad{^} ao log^) exp(ad{ J C(*> 0)3^: 

where C(^:0 = X^^i^"^"- series A4 satisfies the canonical commutation 

relation with C, {£, M} = 1 and the Lax type equations: 

(1.23) ^ = {B^^M}, n = l,2,.... 

otn 

The Riemann-Hilbert type construction of the solution is essentially the same as 
Proposition 11.31 (We do not need to assume the canonical commutation relation 
{C,M}^1.) 

Proposition 1.4. (i) Suppose that functions /o(a;,^), go{x,S,), C and M. satisfy 
the following conditions: 

•{/o,5o} = l; 

• C is of the form (|1.17p and M. is of the form (|1.2ip 

• /o(-^i'C) fl^c' go{M.,C) do not contain negative powers of £, 

(1.24) {foiM,C))<o - {goiM,C))<o - 0, 

where ( )<o is the projection to the negative degree part: P<o := P — P>o. 
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Then C is a solution of the dispersionless KP hierarchy (jl.lSp and M is the corre- 
sponding Orlov-Schulman function. 

(ii) Conversely, for any solution [C, M) of the dispersionless KP hierarchy, there 
exists a pair {fo,go) satisfying the conditions in (i). 

If /, 5, L and M are as in Proposition 11.31 then /q = <7^{f), go — cr^{g), — 
<J^(V) and — a^{M) satisfy the conditions in Proposition 11.41 In other words, 
{f,g) and (L,M) are quantisation of the canonical transformations {fa, go) and 
(£, A^) respectively. (See, for example, [Sj for quantised canonical transformations.) 

2. Recursive construction of the dressing operator 

In this section we prove that the solution of the KP hierarchy corresponding 
to the quantised canonical transformation (/, g) is recursively constructed from its 
leading term, i.e., the solution of the dispersionless KP hierarchy corresponding to 
the Riemann-Hilbert data {a'^{f),(7^{g)). 

Given the pair {f,g), we have to construct the dressing operator W, or X and 
a in (II. 8p . such that operators 

f{K M, L) = Ad (VFexp {h-\{t, hd))) f{h, x, hd) 

g{h,M,L) = Ad {Wexp{h-^Cit.fid))) g{h,x,hd) 

are both differential operators (cf. Proposition 1 1 . 3p . Let us expand X and a with 
respect to the ?i-order as follows: 

oo ao 

(2.2) X{h,x,t,hd) = J2f^'^'^ri{x,t,hd), Xn{x,t,hd) =J2xnM^^t){f^d)-'', 

n=0 fc=l 

CXD 

(2.3) a{h) = J2 ft""". 

n=0 

where Xn,k and a„ do not depend on h and hence Xk in (|1.9|) is expanded as 

Xk — X/n=0 ^ Xn,k- 

Assume that the solution of the dispersionless KP hierarchy corresponding to 
{a'^{f),a'^{g)) is given. In other words, assume that a symbol Xq — X^fc^i Xo,kix, t)£, 
and a constant ao are given such that 

(T^{f){C, M) = exp(ad{,} Xq) exp(ad{,} ao log^) exp(ad{,} C{t, ^))a''\f){x, 

(J^\g){C, M) = exp(ad{ J Xo) exp(ad{ j ao logf) exp(ad{ j C(^, £.))(^^\g){x, 

do not contain negative powers of ^: 

(2.4) {a\f){C,M))^^^{a\g){C,M))^^ = Q. 

(See Proposition 11.41 ) 

We are to construct Xn and a„ recursively, starting from Xo and ao. For this 
purpose expand f{h,L,M) and g{h,L,M) in (j2.ip as follows: 

(2.5) P := Ad {cxp{h-^X) exp{h-^a log hd)) ft 

= Po + hPi + --- + h'^Pk + • • ■ , 

(2.6) g := Ad(exp(ft"^X)exp(ft"^alogna)) gt 

= Qo + ftQi + • • • + h^Qk + • • • , 
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where 

(2.7) ft Ad (e''-^C(*'''«)) /, 5* := Ad (e^^^^^*^''^)) g, 

and Pi's and Qi's are operators of the form Pi — Pi{x, t, hd) and Qi — Qi{x, t, hd) 
and ord''Pi = ord'^Q^ = 0. Suppose that we have chosen XQ,...,Xi_i and 
ao, . . . , tti-i so that Pq, . . . , Pi-i and Qo, . . . , Qi-i do not contain negative pow- 
ers of d. If an operator Xj and a constant are constructed from these given 
Xq, . . . , Xi-i and ao, . . . , a^-i so that resuhing Pi and do not contain negative 
powers of d, this procedure gives recursive construction of X and a in question. 

We can construct such Xi and a,; as follows. (Details and meaning shall be 
explained in the proof of Theorem 12.11 '): 

• (Step 0) Assume Xq, . . . , Xi^i and ap, . . . , cii-i are given and set 

i-l i-l 

(2.8) := h"Xn, := ^ ra„. 

• (Step 1) Set 

(2.9) P('-I) Ad (exp h-^X^'-^'^^ exp (/i-^af'-i) log(ft9)) /t, 

(2.10) Q^'-^'> := Ad (exp h-^X^'-'^^^ exp (/i-^a^'-^) log(ft9)) 5*. 
Expand pt'^^) and Q'*"^-* with respect to the /i-order as 

(2.11) p(''-i) = P(|^-') + hpf' + ■■■ + h'^pf'^ + ■■■ 

(2.12) Q(-i) = 0^^' + /lOf-^' + . . . + h'^Qt'^ + ■■■. 

{ord^ Pjf'^^ = ord^ Q^^-^^ ^ 0.) 

. (Step 2) Put Po := ^''(Po^^-^'), Qo := cT^Qt'^), ■= ^HPf^), 

Q'f := cr'^iQ^i ^'') and define a constant Ui and a series A^i(a::,i,^) — 
J2T=iXiAx,t)^''' by 

(2.13) «.loge + <*. r f ^n^^-^^ - ^Q^-'^) 



V 5C ' 

The integral constant of the indefinite integral is fixed so that the right 
hand side agrees with the left hand side. 
• (Step 3) Define a series ^"^(3;,^,^) = J2kLiXi,k{x,t)^^^ by 

00 

X, = XI- -{a'^{Xo),Xl} + J2K2p{^<i{,}i'^''iXoWXl, 



(2.14) " 2 



p=i 



Xl := a,\og^ + X,{x,S) - exp(ad{ j o-''(Xo))(aj log 0- 
Here K2p is determined by the generating function 



or Kiy = B2p/{2p)l, where P2p's are the Bernoulli numbers. 
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• (Step 4) The operator Xi{x,t, hd) is defined as the operator with the prin- 
cipal symbol Xv. 

oo 

(2.16) X, -;^x.,fe(a:,t)(/ia)-'=. 

k=l 

The main theorem is the following: 

Theorem 2.1. Assume that Xq and ao satisfy (|2.4[) and construct Xi 's and a; 's 
by the above procedure recursively. Then X and a defined by (|2.2|) satisfy (|1.16p . 
Namely W — exp{X/h){hd)°'^'^ is a dressing operator of the h-dependent KP hier- 
archy. 



The rest of this section is the proof of Theorem 12.11 by induction. 

Let us denote the "known" part of X and a by X^*"^^ and a*^*^^) as in ()2.8p 
and, as intermediate objects, consider p('~i) and Q*^'^^^ defined by (|2.9p and (|2.10p . 
which are expanded as (|2.1ip and (|2.12p . 

If X and a are expanded as (|2.2p and (12.31) , the dressing operator W — cxp(X/ h) cxp(a \og{hd) /h) 
is factored as follows by the Campbell-Hausdorff theorem: 



(2.17) W = exp [W'^{a., \ogihd) + X,) + h'X^ 

X exp (h-^X^'-^A exp(;i-ia(*~^' ^og{hd)), 



where ord''(ai log(ft9) + Xi{x,hd)) — 0, OTd^{Xyi) ^ and the principal symbol 
of ai \og{hd) + Xi{x, hd) is defined by 

(2.18) a^{a,\ogihd)+X^){x,^) 

Note that the only log term in (I2.18P is ai log ^ and the rest is sum of negative 
powers of ^. The principal symbol of Xi is recovered from Xi by the formula 

(2.19) 

1 °° 

a^{X,) = a^{Xl) - -{a^{X,),a^{Xl)} + Y,K2A^d[,}{a^{X,WPa^{Xl), 

^ p=i 
a'^iXl) :=a'"'(l,)(^,0 -exp(ad{,}a'"X^o))(a*logO 
- (ad».^(Xo))»-^^ 
n! 

71—1 

Here coefficients K2p are defined by ()2.15p . This inversion relation is the origin of 
(j2.14p . (Note that the principal symbol determines the operator Xi, since it is a 
homogeneous term in the expansion (|2.2I) .') We prove formulae (|2.17p and (|2.19p in 
Appendix [X] 

The factorisation ()2.17p implies 

P =Ad(exp(?i*-i(a, log(?ia) +1,) + h'X>,)'^P'^'-^^ 

^P^'-^'' +h'-^[{a,\og{nd)+X^) + nXy„P^'-^^] + (terms of Ti-ordcr < -i). 
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Thus, substituting the expansion ([2T1|) in the step 1, we have 



P=Pr 



3(^-1) 



(2.20) 



- f^Pi 

+ (terms of ?i-order < —i). 

Comparing this with the /i-expansion of P (|2.5p . we can express P^'s in terms of 
Pi'"^\ X- and a, as foUows: 



(2.21) 
(2.22) 



P, = P, 



MP^)^MP^ 



(j =0,...,z-l), 

+ h-'[a,log{hd)+X,,Pt^'>]) 



Similar equations for Q are obtained in the same way. The first equations (|2.2ip 
show that the terms of ft-order greater than —i in (|2.5p are aheady fixed by 
Xq, . . . , Xi-i and ao,...,aj-i, which justifies the inductive procedure. That is 
to say, we are assuming that Xq, . . . , Xi-i and ao, • ■ • , c^i-i have been already de- 
termined so that Pj — pj' and Qj — Q^^ for j = 0, . . . , i — 1 are differential 
operators. 

The operator Xi and constant ai should be chosen so that the right hand side 
of (|2.22p and the corresponding expression for Q are differential operators. Taking 
j(« 1) _ 1) _ account, we define 

P^'' := Pf ^ + h-^[a,\og{nd) + X,,Po], 

gf + h-^[a, \og{hd) + X,, Qo]. 

Then the condition for Xi and ai is written in the following form of equations for 
symbols: 

(2.24) (^o'(^f ))<-! = 0, (4(Qf)))<-i - 0. 

(The parts of ft-order less than —1 should be determined in the next step of the 

induction.) To simplify notations, we denote the symbols ctq (Pj*-*-*), cfq{P^^ ^■') and 

so on by the corresponding calligraphic letters as v'l^\ v'f ^'^ etc. By this notation 
we can rewrite the equations (j2.24[) in the following form: 



equations Pq 
(2.23) 



(2.25) 



(pP)<-i=0, 



V 



{aaoge + i'»,Po}, 



(Qr)<-i = 0, Q« := Qf-^) + {a.loge + A",, Qo}- 

The above definitions of vf^ and Q-*-* arc written in the matrix form: 



(2.26) 



dx 

dOo 
\ dx 



dQo 



d 

y-(ajoge+^.)y 



s(0 



Recall that operators p('^i) and Q^*"^^ are defined by acting adjoint operation to 
the canonically commuting pair (/, g) in ()2.9p . ()2.10p and ()2.7p . Hence they also 
satisfy the canonical commutation relation: [P^'^^', Q^'^^'J = h. The principal 
symbol of this relation gives 
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which means that the determinant of the matrix in the left hand side of ()2.26|) is 
equal to 1. Hence its inverse matrix is easily computed and we have 



(2.27) 



("j logC + X, 



(d_ 

y^(a,logC + A'Oy 



9Qo 

dQo 
dx 



dro\ 

dPo 
dx / 



V. 



(0 



We are assuming that Vo and Qo do not contain negative powers of ^ and we are 

~ (i) ~ (i) 

searching for ai log ^ + Xi such that P- and Q ■ are series of £, without negative 
powers. Since Ui is constant with respect to x, the left hand side of (j2.27p contain 
only negative powers of ^. Thus taking the negative power parts of the both hand 
sides in (|2.27p . we have 



(2.28) 



/A 



'oLi log Xi 



HdQ. 



[g^{a..\og^ + X,)] 



O-p(i-l) 



dV, 



O^(j-l) 



yydx'- 



dVo 
dx 



\ 



<-i 



This is the equation which determines ai and Xi. 

The system (|2.28|) is solvable thanks to Lemma 12.21 below. Hence, integrating 
the first element of the right hand side with respect to ^, we obtain a^log^ + Xi. 
This is Step 2, (|2.13p . In the end, the principal symbol of Xi is determined by 
p.l9p or ()2.14p in Step 3 and thus Xi is defined as in Step 4. This completes the 
construction of Xi and ai and the proof of the theorem. 

Lemma 2.2. The system (|2.28[) is compatible. 

Proof. We check: 



(2.29) 



d_ 
dx 
d_ 
5C 



dQo {i-i) 
d^ ' 

dQo 



dx 



&Por>('~i) 
d^ ' 

dPo 

dx 



<-l 



Since differentiation commutes with truncation of power series, condition (I2.29P is 
equivalent to saying that the negative power part of the following is zero: 

d (dQo, 



d_ 

dx 



(2.30) 



d^ 
dQo dpf 



^Qo^{^^ 



dPor)('-i) 
d^ ' 



dPo dQ 



(t-i) 



d^ dx dS, dx 

-{Pt'\Qo}-{Po,Q^-'^}. 



d£, \ dx 

dQo dPf-^^ 
dx d£, 



dPo^i^- 

dx ' 



dPo dQ. 



{,-1) 



dx d^ 



Defined from canonically commuting pair {f,g) by adjoint action (12. 9p and (|2.10l) . 
the pair of operators (P''^^^, Q^*"^^) is canonically commuting: Q*^*^^'] ~ 

h. The negative order part of this relation is zero. On the other hand, substitut- 
ing the expansions P(*-i) = Er=o and Q(*-i) = Er=ofi"Q"~^^ in this 
canonical commutation relation and noting that Pj^ ^' and Q^j {j — 0, . . . ,i~l) 
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do not contain negative order part by the induction hypothesis, we have 
0-([p('-i),Q('-i)])<_i 
= [K'P^'-^\Q[r^'>] + [P^''^\h'Qf-^'>] + (terms of ?i-order < -i - 1). 
Taking the symbol of /i-order — i — 1 of this equation, we have 

which proves that (I2.30p vanishes. □ 

3. ASYMPTOTICS OF THE WAVE FUNCTION 

In this section we prove that the dressing operator of the form 

(3.1) W{h,x,t,hd) =eyip{X{h,x,hd)/h), ord'^X^O, ordX ^ -1, 
gives a wave function of the form 

(3.2) ^{h,x,t;z) = We'^'''+'^^'''-^'>/'' = exp{Sih,x,t,z)/h), ord'^S'^O, 

OO OO 

(3.3) ^(;i,x,i;z) = ^ft"5„(x,t;z)+C(t,^), C(i, 2) := ^ 

n— 71=1 

and vice versa. 

Since the time variables f„ do not play any role in this section, we set them 
to zero. As the factor {hd)°'^^ in (|1.8p becomes a constant factor z"/^ when it is 
applied to e^^^^, we also omit it here. 

Let A{h,x,hd) = o„(fi, x)(?i9)" be a microdifferential operator. The total 
symbol of A is a power series of ^ defined by 

(3.4) atotiA){h, X, ■■= ^)^"- 

71 

Actually, this is the factor which appears when the operator A is applied to e^^/^: 

(3.5) Ae^^/'' = atot(A)(?l,a:,z)e^^/^ 

Using this terminology, what we show in this section is that a operator of the form 
g^x/h jj^g^g total symbol of the form e^^^ and that an operator with total symbol 
e^^^ has a form e^^^. Exactly speaking, the main results in this section are the 
following two propositions. 

Proposition 3.1. Let X = X(h,x,hd) be a microdifferential operator such that 
ordX = — 1 and ord'^X = 0. Then the total symbol of e^^^ has such a form as 

(3.6) atot(exp(n-iX(n, x, hd))) = e^('"'■-■«)/^ 

where S{h,x,^) is a power series of without non-negative powers of ^ and has 
an h- expansion 

00 

(3.7) = 

n=0 

Moreover, the coefficient Sn is determined by Xq, . . . , Xn in the h-expansion 

0fX^Y.n=,h-X^. 

Explicitly, Sn is determined as follows: 

• (Step 0) Assume that Xq, . . . , A„ are given. Let Xi{x, ^) be the total symbol 
atot{Xi{x,hd)). 
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• (Step 1) Define Yl^l^{x,y,^,r]) and S^^^{x,0 by the following recursion re- 
lations: 

(3.8) Y^'i, = 

(3.9) SW=o, 

(3.10) Yo%{x, y, n) = 5i,oX^{x, 
for Z ^ 0, m = 0, . . . , n, 

(3-11) Yt%(x,y,^,ri) 



1 



( \ 



for A; > 0, and 



. 0<l'<l-l I 

\ 0<m'<m I 



(3.12) = 7^ E^£(^'^'«'^)- 



fe=o 



(We shall prove that V^:^ = if A; > Z + m.) Schematically this procedure 
goes as follows: 



^-^1=0 ^ 











+ 


\ ' + 




+ 






->• 












^0 









(Step 2) S'„(a;, ^) = Y^^i Sn ^ {x, (The sum makes sense as a power series 

Proposition 3.2. Let S = X^^g ^"'^'n &e a power series of without non- 
negative powers of Then there exists a microdifferential operator X{h,x,hd) 
such that ordX ^ — 1, ord'^X ^ and 

(3.13) c7toticxp{h'^X{h,x,hd))) = e'5('^'^'«)/'^. 

Moreover, the coefficient Xn{x, ^) in the h-expansion X = Xl^o ^"^n of the total 
symbol X = X{h, x, ^) is determined by So, . ■ .,Sn in the h-expansion of S. 

Explicit procedure is as follows: 

• (Step 0) Assume that Sq, . . . , Sn are given. Expand them into homogeneous 
terms with respect to powers of ^: S„{x,£,) = X^^i Snj{x,^), where Sn,j 
is a term of degree —j. 

r{l) 



• (Step 1) Define Y^'^ ■{x,y,£,,ri) as follows: 



(3.14) Yl^'l^.{x,y,^,rf, = Q, 

(3.15) n%,i(^'2/'^'^) = koh,oSm,i{x,£,) 
for m = 0, . . . , n, fc ^ 0, Z ^ and 

(3.16) Fo^j = 
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for m = 0,...,n, / > 0, J ^ 1. For other {l,k,m,j), {l,k) ^ (0,0), Y^'i^^ 
are determined by the recursfon relatfon: 



I - 1' 

0<l'<l-l 
0<j' <j-l,0<m' <m 
0<k"<j-j' -l+l' 

The remaining ^jf^l j determined by: 



(3-18) yj%.(a:,y,f,77) = 5„^,(x,0- E T^^iL" 0- 

O,fc)#(o,o) 

l,k>0,l+k<j 

(We shall show that Y^^^^ ^ = ioi I + k > j .) Schematically this procedure 
goes as follows: 

i 

i / 



• (Step 2) X„(a;,^) = Sjli ^o,n,j(^' ^' (The infinite smn is the homo- 
geneous expansion in terms of powers of ^.) 

Combining these propositions with the results in Section [21 we can, in principle, 
make a recursion formula for S'„ (n = 0, 1, 2, . . . ) of the wave function of the solution 
of the KP hierarchy corresponding to the quantised canonical transformation (/, g) 
as follows: let Sq, . . . , Si-i be given. 

(1) By Proposition 13.21 we have Xq, . . . ,Xi^i. 

(2) We have a recursion formula for Xi by Theorem 12. II 

(3) Proposition 13.11 gives a formula for Si. 

If we take the factor {hd)°'^^ into account, this process becomes a little bit compli- 
cated, but essentially the same. 



The rest of this section is devoted to the proof of Proposition 13.11 and Proposi- 
tion [Xl 

If one would consider that "the principal symbol is obtained just by replacing 
hd with ^" , the statements of the above propositions might seem obvious, but since 
the multiplication in the definition of 

(3.19) e^^' = f 

rt=0 
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is non-commutative, while the muhiphcation of total symbols in the series 
(3-20) e-/^ = f:^%^ 

is commutative, it needs to be proved. In fact, computation of the simplest example 
of X — x(hd)^^ would show how complicated the formula can be: 

CXD 

ji=0 



1 / x£,-^ x^-^ bx^-'^ 

= ""P?^K ~ 

It is not obvious, at least to authors, why there is no more negative powers of h 
in the last expression, which can be obtained by calculating the logarithm of the 
previous expression. 

To avoid confusion, the commutative multiplication of total symbols a{h,x,^) 
and b{h, x, f ) as power series is denoted by a{h, x, ^) b{h, x, ^) and the non-commutative 
multiplication corresponding to the operator product is denoted by a{h,x,^) o 
b{h,x,^). Recall that the latter multiplication is expressed (or defined) as follows: 

a{h, X, o b{h, X, = e^^^^ya{n, x, ^)b{h, y, r])\y=^^^^^ 

(3.21) ^ /i" 

= 2^ —d^a{fi,x,£_)d^b{h,y,r])\y=^^^^^. 

(See, for example, [5], [X] or jKRj .) The order of an operator corresponding to 
symbol a(h,x,^) is denoted by ordj a(/i, x, f ), which is the same as the order of 
a{h,x,^) as a power series of ^. The ft-order is the same as that of the operator: 
ord'' X — ord'^ ^ = 0, oid'^ h——l. 

The main idea of proof of propositions is due to Aoki [X] , where exponential cal- 
culus of pseudodifferential operators is considered. He considered analytic symbols 
of exponential type, while our symbols are formal ones. Therefore we have only to 
confirm that those symbols make sense as formal series. 

First, we prove the following lemma. 

Lemma 3.3. Let a{h,x,^), b{h,x,^), p{h,x,^) and q{h, x, ^) be symbols such that 
ord^ a{h,x,^) = M, ord'^ a(ft, x, ^) = 0, OTd^b{h,x,^) = N, oid'^ b{h,x,^) = 0, 
ord{p(?i, X, £_) — ord^ q{h, x, £_) — 0, ord^ p{h, x, ^) — ord^ q{h, x, ^) — 0. 

Then there exist symbols c{h,x,£,) (brd^ c(?i, x, ^) = N + M, ord'' c(?i, x, f ) = 0) 
and r{H, x, ^) (ord^ r{h, x, ^) = 0, ord'' r{h, x, ^) =0^ such that 

(3.22) {a{h, X, ^)eP^''''^'iy^) o {b{h, x, ^)e«('*^^'«)/'"') = c(ft, x, ^)e''('*^^^«)/^ 

In the proof of Proposition 13.11 and Proposition [221 we use the construction of c 
and r in the proof of Lemma [ 
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Proof. Following [A], we introduce a parameter t and consider 

(3.23) TT{t) = n{t;h,x,y,^,T]) := e''*^«^''a(ft, a;, y, ?7)e(p('*'"^«)+«('*^^^''))/^ 

E we set t = 1, y = X and r/ = ^, this reduces to the operator product of p. 211) . 
The series 7r(t) satisfies a differential equation with respect to t: 

(3.24) dtTT ^ hd^dyw, ^(0) = a(?i,a;,C)6(fi,y,f7)e(p^'*'"'^^+«^'''^'''^)/'*. 
We construct its solution in the following form: 

Tr{t) = ^(t)e"'(*)/'^, 

OO 

ip{t) = il;{t; h, X, y, f , 77) = ^ ^n^", 



(3.25) 



n=0 
00 

w;(t) = ■u;(t; h, x, y, f , 77) = ^ Wfct'^. 

k=0 



Later we set t = I and prove that ipil) and u'(l) is meaningful as a formal power 
series of ^ and rj. The differential equation (|3.24p is rewritten as 

9-0 f^-i 9w 

(3.26) "^aF 

—hd^dyip + d^^pdyW + dytpd^w + tp [d^dyW + h^^d^wdyw) . 

Hence it is sufficient to construct ip{t) = ■ip{t; h, x, y, ^, r/) and w{t) — w{t; h, x, y, ^, rj) 
which satisfy 

Ow 

(3.27) — hd^dyW + d^wdyW, 

(3.28) ^ — hd^dyip + d^ipdyW + dyipd^w. 

(This is a sufficient condition but not a necessary condition for tt = ipe'^ to be a 
solution of p.24p . The solution of p. 241) is unique, but ip and w satisfying (I3.26P 
are not unique at all.) 

To begin with, we solve p.27p and determine w(i). Expanding it as w{t) — 
X]fc°=o '^kt^ 1 have a recursion relation and the initial condition 



(3.29) 



iy=0 



which determine Wk = Wk{h^x^y,C,^rj) inductively. Note that ord^ ^ and 
lowers the order by one, which implies 

(3.30) ord^ Wk S ~k. 

(Here ordj denotes the order with respect to ^ and 77.) This shows that w(l) = 
SfcLo makes sense as a formal series of ^ and 77. Moreover it is obvious that Wk 
and w{l) are formally regular with respect to h. 
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As a next step, we expand as 'ip{t) — J2'kLoi^kt'^ ^^'^ rewrite (|3.28|) into a 
recursion relation and the initial condition: 



(3.31) '^''^^ k 

tpo = a{x,^)b{y,r]). 
In this case we have estimate of the order of the terms: 

(3.32) ord^ ^Pk ^ N + M - k, 

which shows that the inifinite sum V'(l) = X]fc°=o makes sense. The regularity of 
tpk and ■0(1) is also obvious. 

Thus, we have constructed n{t) — 7r(i; h, x, y, ^, i]) = ^lj{t; h, x, y, r^)e"'(*''''^'2''5'''), 
which is meaningful also at t = 1. Hence the product a{h,x,^) o b{h,x,^) = 
■K{l;h,x,x,^,S,) is expressed in the form c{h,x,S,)e'^'^'^-'^-'^^^'^, where c(/i, x,^) — 
h, X, X, f , 0, r{h, X, = u;(l; H, x, x, ^, 0/^- □ 

Proof of Proposition \S.ll We make use of differential equations satisfied by the op- 
erator 

(3.33) E{s) = E{s; h, x, hd) := exp (|^(^, a;, hd))^ , 
depending on a parameter s. The total symbol of E{s) is defined as 

oo k 

(3.34) i?(s;?i,a;,0=E ski = 1> X^^+^^ = X o X^^\ 

k=0 

Taking the logarithm (as a function, not as an operator) of this, we can define 
S{s) = S{s;h,x,^) by 

(3.35) E{s;h,x,0^e''''^''"''''"-'^^- 

What we are to prove is that S'(s), constructed as a series, makes sense at s = 1 
and formally regular with respect to h. 
Differentiating p.35p . we have 

(3.36) X{h, X, o E{s; h, x, = l^e^'^-'^'"^?)/'^. 

OS 

By Lemma 13.31 (a X , b 1, p ^ 0, q t-^ S) and the technique in its proof, we 
can rewrite the left hand side as follows: 

(3.37) X{h, X, o E{s- h, X, = y{s- K X, x, ^)e^^(^^''^-'^)/^ 
where F(s; h,x,y, ^, rj) ^ J2kLo Yk and Yk (s; h, x, y, ^, 77) are defined by 

Yk+i{s;h,x,y,£„vi) 

(3.38) = -^^{hd^dyYk{s]h,x,y,£,,vi) + d^Yk{s-h,x,y,^,ri)dyS{s;h,y,7])), 
Yo{s; n, X, y, 77) = X{h, x, (,). 

Yk{s) corresponds to ipk in the proof of Lemma 13.31 while Wk there corresponds to 
Sk,oS{s). On the other hand, substituting p.37p into the left hand side of (|3.36|) . 
we have 

dS 

(3.39) — (s; h, X, = y(s; h, x, x, ^, 
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We rewrite the system p.38|) and p.39|) in terms of expansion of S{s; h,x,^) and 
Yk{s; h, X, y, ^, 77) in powers of s and h: 



00 00 



00 00 00 

Yk {s; h, X, y, ^,v) ^T. ^' ^' '?)^' = E E ^^n(^' 2/' ^' '?)^"^'' 



/=0 i=0 n=0 

The coefHcient of ^"s' in ((X^ is 
(3.41) ri^i,„(a:,y,^,77) 

didyYll_, [x, y, 7?) + ^ diY^^2 2/. C> iv, v) 



= 0) and 

(3.42) Y^l(x,y,(„T^)^6iMx.O, 
while p.39p gives 

-i 00 

(3.43) = 7-YE^feS(^,^:^>0. 

fc=0 

We first show that these recursion relations consistently determine Y^f'^ and Sn\ 
Then we prove that the infinite sum in p. 431) is finite. 

Fix n ^ and assume that YjIq, . . . , i^/f'^.i and s'^\ . . . , s\'2_i have been deter- 
mined for all (Z, k). (When n = 0, Yjl'li = as mentioned above and S^^i can be 
ignored as it does not appear in the induction.) 

(1) Since E{s = 0) = 1 by the definition we have S't") = 0. Hence 

(3.44) S-^o) = 0. 

(2) Note that 

(3.45) ord,.yo(°) ^-1 

because of p.42p and the assumption ordX ^ — 1. 

(3) When I — 0, the second sum in the right hand side of the recursion relation 
p.4ip is absent because of (13.441) . Hence if n ^ fc + 1, we have 

-'fc+l,n ~ ^ _|_ -[^"C^y-^fc.n-l ^ ^(fc+1)!^^ ^0,n-fc-l — 

since 5^o'*^'-fc-i does not depend on y thanks to p.42p . If n < + 1, the 
above expression becomes zero by Y^^^^j^^ _^ = 0. Hence together with 
([02|) . we obtain 

(3.46) = ^k^oXn. 
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(4) By ([Qa]) we can determine si^^: 

OO 

(3.47) ^i^^=E<^=^o°i=^^ 

k=0 

(5) Fix /o = 1 and assume that for ah / — 0, . . . Jq — I and for all fc = 0, 1, 2 

ve 

S^n^. (The steps (3) and (4) are for Iq = 1.) 



we have determined Y^^^ and that for all I — 0, ... ^Iq we have determined 



Since 5'^?,'' = by p.44p . the index Z' in the right hand side of the 
recursion relation p.4ip (with / = Iq) runs essentially from to Zq — 1- 
Hence this relation determines Y^^'^l from known quantities for all fc ^ 0. 

Because of the initial condition YQ{s;x,y,^,ri) = X{x,£,) (cf. (I3.38p ) Yq 
does not depend on s, which means that its Taylor coefficients Yq^^^ vanish 
for aU lo^l: 

(3.48) = 0. 

Thus we have determined all Y^^'"^ (fc = 0, 1, 2, . . . ). 

(6) We shall prove below that F^l'""^^^ = Oiffc>/o + ?^+l. Hence the sum m 

p.43p is finite and Sn°~^^^ can be determined. The induction proceeds by 
incrementing Iq by one. 

Let us prove that y^f'^'s determined above satisfy 

(3.49) Ffc^'^ =0, iik>l + n, 

(3.50) ord5i;(;^^-fc-;-L 

(We define that ordj — —oo.) In particular, the sum in p.43p is well-defined and 

(3.51) ord^S'i'+^' ^ - 1. 

If n = —1, both p.49p and (|3.50l) are obvious. Fix no ^ and assume that we 
have proved (|3.49l) and (I3.50p for n < uq and all {I, k). 

When n — no and I ~ 0, (I3.49P and p.50p are true for all k because of p.46p 
and ^ZB- 

Fix ^0 = and assume that we have prove p.49p and (|3.50p ioi n = no, I ^ Iq 
and all k. As a result p.5ip is true for I ^ Iq. 

For fc = 0, ([XI^I is void and ([530)1 is true because of ((Xi^ and ordX„ ^ -1. 

Put n — no and I ~ Iq + 1 in p.4ip and assume that fc + 1 > {Iq + I) + no. 
Then k > {Iq + 1) + {no — 1), which guarantees that ^^'^^^1 = by the induction 
hypothesis on n. As we mentioned in the step (5) above, in the right hand side 
of p. 411) runs from to I — 1 = Iq. Hence, as we are assuming that k > Iq + n, we 
have k > I' + n' , which leads to Y^\^, = by the induction hypothesis on / and n. 

Therefore all terms in the right hand side of (I3.4ip vanish and we have = 0, 

which implies p.49p ioT n = no, I = Iq + 1 and fc ^ 1. 

The estimate (I3.50p is easy to check for n = no, ^ ~ + 1 and fc ^ 1 by the 
recursion relation (I3.4ip . (Recall once again that lowers the order by one.) 

The step I — Iq + 1 being proved, the induction proceeds with respect to I and 
consequently with respect to n. 
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In summary we have constructed Y{s]h,x,y,^,ri) and S{s; h, x, ^) satisfying 

(|X77)) and iKm . Thanks to (I53T]) . S'„(a;,C) = 'EZo^^^^i^^O is meaningful as 
a power series of ^. Thus Proposition 13. II is proved. □ 

Proof of Proposition \3.2l We reverse the order of the previous proof. Namely, given 
S{h,x,^), we shall construct X{h,x,^) such that the corresponding S{l;h,x,^) in 
the above proof coincides with it. 

Suppose we have such X{h, x, ^). Then the above procedure determine Yjf'^^ and 
Sn^ . We expand them as follows: 

CO CXD 

S{n,X,^) = ^ Snix,^)h"', Sn{x,£,) = ^Sn,j{x,£,), 

n=0 j=l 

OO C30 

x{n,x,o = Y.x^{x,Ofi^, x^{x,o = 

OO CX3 OO 

i=0 n=0 j = l 

Yk{s]h,x,y,^,r]) Y^^^^{x,y,^,r]) 

OO OO OO 

z=o Ti=o i=i 
Here terms with index j are homogeneous terms of degree —j with respect to ^ and 

At the end of this proof we shall determine X„ by p.42p , 

(3.52) X^{x,O^Y^°^{x,y,tv)- 

(In particular, YQ^J^{x,y,^,ri) should not depend on y and r/.) For this purpose, 
Yq^^ should be determined by 

(3.53) rJ°j(x,y,C,r;)=5„(x,0- E J^Y^').i^,x,^,0 

a,fc)#(o,o) 

l,k>0 

because of p.43p and S'„(a;,^) = X^z^i Sn\x,^). 

Since ord^ Yjl'^ should be less than —l~k (cf. p.50p ). we expect 

(3-54) yI%, = 

for (/,fc) ^ (0,0). Hence picking up homogeneous terms of degree —1 with respect 
to ^ from p.53p . the following equation should hold: 

(3.55) ^0,'n',l = ^n,l 

All Y^''j^ ^ are determined by the above two conditions, p.54p and p.SSp . Note also 
that 

(3.56) = for / ^ 
because Yq should not depend on s because of p.42p . 



+ 
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Having determined initial conditions in this way, we shall determine y^f'^ ^ in- 
ductively. To this end we rewrite the recursion relation (|3.4ip by (|3.43p and pick 
up homogeneous terms of degree j: 

(3-57) <\,„^,(a;,y,e,ry) - ^(^d^dyY^l^,^^,ix,y^^,v)+ 

i'+i"=i,i">i / 

j +j"—j — l,n+n' —n 
k">0 

(As before, terms like Y^'''^_^ appearing the above equation for n = can be 
ignored.) 

Fix rio = and assume that Y^^q j ' ■ • ■ ' no-i j determined for all {I, k, j). 

(1) First we determine rj'^^^^ for all {l,k) by (1535)) and 

(2) Fix jo ^ 2 and assume that Yjf'^^ j are determined for j = 1, . . . , jo ^ 1 and 
all {I, k). (The above step is for jo = 2.) 

Since all the quantities in the right hand side of the recursion relation 
p.57p with j = jo are known by the induction hypothesis, we can determine 

n^So..ofo^' = 0'l'2:--- andfc = l,2,.... 

(3) Together with (l336l) . Y^^l^ j^ for ^ 1, 2, . . . , we have determined all 
^k no ja except for the case (Z,fc) = (0,0). 



(4) It follows from ((337| . (|335)) and ((X56l) by induction that for all r/'^ 



determined in (1), (2) and (3), 
(3.58) y^J^^. = for / + fc + 1 > j. 

This corresponds to ordj = —l — k — 1 (|3.50p in the proof of Proposi- 
tion O 



(5) We determine Y^^^^^^^ by 



(i,fc)#(0,0) 

which is the homogeneous part of degree —jo in p.53p . The sum in the 
right hand side is finite thanks to p.58p . 
(6) The induction with respect to j proceeds by incrementing jo. 

Thus all i^^l'^^ J are determined and X.^^ is determined by {x, ^) — J^'jLi ^o\!.o o 
(cf. (|3.52p '). which completes the proof of Proposition 13.21 □ 

4. ASYMPTOTICS OF THE TAU FUNCTION 

In this section we derive an /i-expansion 

oo 

(4.1) \ogT{h,t) = Y,h^-^F^{t) 

n=0 
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of the tau function (cf. ()1.12p ) from the ^.-expansion p.7|) of the 5- function. Note 
that we have suppressed the variable x, which is understood to be absorbed in ti. 

Let us recah the fundamental relation [DJKMj between the wave function 
and the tau function again: 

(4.2) ^{t; z) = Z^Lz^ple'^-Hit,^) ^ 

where [z^^] = (1/z, 1/2^2, l/Sz^, ... ) and C{t,z) =E,T=i*n^"- This implies that 

(4.3) h-^S{t- z) ^ (^e-^'D^''^ - l) logT(t) 

where Sit] z) — S{t; z) — ({t, z) and D{z) — ^JLi Differentiating this with 

respect to we have 

h-'^S{t;z) = -hD\z)e-^^^^-Hogr{t) 

(4.4) oz 

= - hD\z){h'^S{t; z) + logT(O), 
where D'{z) := §D(z) = 'Y.%i z^'^^^- Hence 

(4.5) - hD'{z) logT(i) = h-^ (^-^ + hD\z)^ S{t; z) 

Multiplying z" to this equation and taking the residue, we obtain a system of 
differential equations 

(4.6) h—\ogT{t)^h~^Res^^ooz''{— + hD'(z)]S(t;z)dz, n = l,2,... 

otn \dz J 

which is known to be integrable [DJKMj . We can thus determine the tau function 
T{t), up to multiplication r(i) — > cr(i) by a nonzero constant c, as a solution of 



By substituting the ft-expansions 

oo oo 

(4.7) logT(i) = ^/i"-'F„(i), ^(i;z) = ^;i"5„(t;z), 

n=0 n=0 

into (|4.5p . we have 

oo oo r^j-^ OO / OO 

(4.8) y y z-j-ift»-i^ = y r-i^ _ y ^-^-^n^^ 

j=l n=0 J n=0 \ i=l J 



Let us expand Snit; z) into a power series of z 



-1. 



oo 

Z " 



(4.9) Snit;z)^-J2—Vn,k- 

fe=l 

(The notation is chosen to be consistent with our previous work, e.g., [TT2) .) 
Comparing the coefficients of z^-'^^ft"^^ in (14.81) . we have the equations 

(4.10) 9^ = --+ E (-1.-0), 

k+l=j 
fe>l,i>l 
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which may be understood as defining equations of Fn{t). According to what we 
have seen above, this system of differential equations is integrable and determines 
Fn up to integration constants. 

Remark 4.1. Tau functions in string theory and random matrices are known to 
have a genus expansion of the form 

(4.11) \0gT^J2^'''^^9, 

3=0 

where J-g is the contribution from Riemann surfaces of genus g. In contrast, general 
tau functions of the ?i-dependent KP hierarchy is not of this form, namely, odd 
powers of h can appear in the fi-expansion of log r. To exclude odd powers therein, 
we need to impose conditions 

, ■r;^ 1 dv2m,l 

k+l=] 
k>l,l>l 



„_ dS2m+l -sr-^ _j_i9S'2m 

~d'z ~dt~ 



on Sn- 



5. Concluding remarks 

We have presented a recursive construction of solutions of the /i-dependent KP 
hierarchy. The input of this construction is the pair (/, g) of quantised canonical 
transformation. The main outputs are the dressing operator W in the exponential 
form (jl.Sp . the wave function in the WKB form p.2[) and the tau function with 
the quasi-classical expansion (|4.ip . Thus the /i-dependent KP hierarchy introduced 
in our previous work |TT2j is no longer a heuristic framework for deriving the 
dispersionless KP hierarchy, but has its own raison d'etre. 

A serious problem of our construction is that the recursion relations are extremely 
complicated. In Appendix B, calculations are illustrated for the Kontsevich model 
jKoj . [D] . I AvMj . As this example shows, this is by no means a practical way to 
construct a solution. We believe that one cannot avoid this difficulty as far as 
general solutions are considered. 

Special solutions stemming from string theory and random matrices |Mo| , |dFGZ] 
(e.g. the Kontsevich model) can admit a more efficient approach such as the method 
of Eynard and Orantin |E0) . Those methods are based on a quite different principle. 
In the method of Eynard and Orantin, it is the so called "loop equation" for correla- 
tion functions of random matrices. The loop equations amount to "constraints" on 
the tau function. Eynard and Orantin's "topological recursion relations" determine 
a solution of those constraints rather than of an underlying integrable hierarchy; it 
is somewhat surprising that a solution of those constraints gives a tau function. 

Lastly, let us mention that the results of this paper can be extended to the Toda 
hierarchy. That case will be treated in a forthcoming paper. 
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Appendix A. Proof of formulae (|2.17|) and (|2.19|) 
In this appendix we prove the factorisation of W ()2.17|) and an auxihary formula 

mm . 

The main tool in this appendix is the Campbell-Hausdorff theorem: 
(A.l) exp(X) cxp(y) = cxp [ ^ Cn{X, Y) J , 

\n=0 / 

where Cn{X,Y) is determined recursively: 

ci{X,Y)=X + Y, 

?i + 1 \ 2 
(A.2) V 

+ E E [ck,,[--- dck,,,X + Y]- ■■]]]. 

p>l,2p<n (fei,...,fc2p) / 
fciH \-k2p=n 

The coefhcients K2p are defined by (|2.15l) . See, for example, [B] . 
First we prove 

(A.3) exp{h-^X{x,t,hd)) 

= exp (tf-^Xl + (terms of S-order < -i + 1)) exp (ft-^X^^-^' 

where the principal symbol of X- is 



n! 

n=l 



as is defined in (j2.19p . For simplicity, let us denote 

(A.5) A := -X(-i) = -J2 ^ ^= E 

Note that A + S = AT/fi. and ord'^ A ^ 1, ord'* B ^ + 1. We prove the following 
by induction: 

(A.6) C„ := cJA + B, -A) = (B) + (terms of ^i-order < -i + 1). 

n'. 

This is obvious for n = 1 since Ci = {A+B) + {—A) = B. Assume that (jA.6|) is true 
for n = 1, . . . , N. This means, in particular, ord^^C^ ^ ord'^B ^ (1 ^ n ^ TV), 
which implies that for any operator Z ord''[C„, Z] is less than ord'' Z by more than 
one. Hence the term of the highest h-ovdev in the recursive definition (jA.2p with 
X = A + B, Y — ~A is the first term. More precisely, it is decomposed as 
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and the first term in the right hand side has the highest ?i-order. By the induction 
hypothesis and ord'' A ^ 1, we have 



1 . . „ , 1 



■[A,C_ 



N 



N-1 



(ad A) 

A, jj-^^ (B) + (terms of H order < + 1) 



(ad A) 

= -) —rriB) + (terms of ?i-order < -i + 1). 

(iV + 1)!^ ^ ^ ' 

This proves ()A.6P for ah n. Taking its symbol of order — i + 1, we have 

(A.8) a\c.M + B, -A)) = ^^^^1^^|^.''(B), 

n! 

which gives the terms of (IA.4p . Substituting this into the Campbell-Hausdorff 
formula (|A.1I) . we have (|A.3I) . 

By factorisation (jA.3p . we can factorise W — exp{X/h){hd)°' as follows (a^*^^^ := 

exp{n-^x{x,t,nd)){nd)'' 

= exp (jf^^X- + (terms of ^-order < -i + 1)^ exp (ji'^X'-^'^^^ x 

X exp (^h''~^ai \og{hd) + (terms of ft-order < — i + 1)) x 
(A.9) X exp [h-'a^'-'^ \og{hd)) 

— exp (ji^^^X- + (terms of ft-order < -i + l)j x 

X exp (^e^^^iCi-^x^-^^) [W^^a^ \og{hd) + (terms of ^-order < -i + 1))) x 

X exp [h-^X^'~^^^ exp [fT^a^^-^^ \og{hd)^ . 

Since the symbol ofordcr-i+1 of e'''^('*"'^''"")(n'-iaaog(fia)) is e'^'^t.) '^''(^«)(a» logO> 
(IA.9I) is rewritten as (|2.17p by using the Campbell-Hausdorff formula (|A.ip once 
again. 

In order to recover Xi from Xi (or X[), we have only to invert the definition 
(IA.4I) . In the definition (|A.4p of the map Xi ^ X[ we substitute ad{j(cr'"'(Xo)) in 
the equation 

t ^ ^ n\ 

71 = 1 

Hence substitution t = ad{ }(cr''(Xo)) in its inverse 

e* - 1 2 ^ ^ 

gives the inverse map X[ M- Xi. Here the coefficients K2p are defined in (j2.15l) . 
Hence equation (|2.19l) : 



oo 

a\Xi) = a\X'^ - -{a''(Xo),a''(X;)} + ^i^2p(ad{,}(a''(Xo)))^''a''(lD 
gives the symbol of Xi 
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Appendix B. Example (Kontsevich model) 

According to Adler and van Moerbeke [AvM] . the solution of the KP hierarchy 
arising in the Witten-Kontsevich theorem |Ko| satisfies 



(B.l) (l2)<_^^o, - _ 

This corresponds to the case where 

(B.2) f{h,x,hd) = {hdf, g{H,x,Hd) = ^x{hdy^ -^{hdy^ + hd. 

Let us apply our procedure to this case. We fix all the time variables t„ to 
0, which means that we restrict ourselves to the so-called "small phase space" in 
topological string theory [D]. (The first time variable ti can be re- introduced by 
shifting X to ti + x.) 

To begin with, let us determine the leading terms of X and a, which arc the 
initial data for our procedure. The dispersionless limit of {L, M) satisfies 

(B.3) {C^)<-i^Q, (]-MC-^-C\ =0. 



2 



<-i 



Since C has the form ()l.f 7|) . should be a second order polynomial of ^: ~ 
+ u{x). When i„ = {), M has the form 

oo 

M=x + aoC-^ + J2 «o,n/:"""'. 

n=l 

(See ^^rm .) Using this and £ = £_{! + u{xy-^y^^, we have 

Hence, due to the second equation of (|B.3p . we have u{x) — x, ao = and, 
consequently, 

(B.4) ro:=C^=e + x, Qo ■■= ^MC-^ - C ^ 

Combining them, we have the following expression for M: 
M =2£{C - = 2{e + x)- 2^(1 + xr')'^' 

1/2 

n 

x2 x^ Bx'^ 7x^ 2lx 



=x 



(B.5) 

n=2 



oo 

„ne-2n+2 



^ + 4^2 + 64^6 i28^s ^ 512^10 ^ 

On the other hand, from the expression M — exp(ad| j Xq)x follows 

, . ad{ } Xq 
M=2_^ — —. X 



n=0 



(B.6) - xo,ir' - 2xo,2r' 



("3X0,3 - ^^^) + (-4X0,4 - 2xo,2xE,,i)r' + • • • , 
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where xo,k are the coefficients in the expansion of Xq (I2.16p . Comparing (jB.5[) and 
(jB.6|) . we can determine xo-k inductivciy and hence Xq is determined; 

+ ^(na)-9 _ -^m)-'^ + ■■■ . 

6144^ ' 61440^ ' 

Having determined Xq and ao, we can start the algorithm discussed in Section [2] 
In the step 1 for i = 1 we define p(o) and g(o) by jM]) and (|2l0l) : 



+ — — — {hdy^" 



48 1024 / V 192 512 



IbTfi^x , / 49;i3 hx 



.3 



96 ' ' V 32 2 y ' ' 128 
(^84 204^ ) + + ^1^ ) 



We extract terms (symbols) of /i-order from the /i-expansion of them: 
and those of ft-order —1: 



^ 2^ 4^+32^ 32^ ^ 1024^ 

119x5 



4096 



-11 



Then, following (j2.13p . we determine ao and Xq by 
ai log^ + Xi := [ -7T^V{ - -tttQ-i d£, 



9e ' 9e 



<-i 



— i£f-2 _ 4 29a: •^ g ^ ^^-8 , 1077^5 j^p 

~4^ 16 ^ 192 ^ 8^ 10240 ^ 

Since log term is absent, ai = and the above expression is Xi itself, which is also 
equal to X[ defined by (|2.14p . Then we can compute Xi by the formulae (|2.14p 
and (HHni): 
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We can repeat the procedure Step 1, 2, 3 for i = 2 again. The results are 

mh^x,^^. „ (miff 155n22,3\ 2145fi-V,^^, 11 



384 ' ' V 256 512 / ' ' 1024 



Q^^> =-hd (hd) ^ H (hd) ^ (hd) ^ (hd) 

^ 4 ^ ^ 192 ^ 384 ^ ^ 64 ^ 

2205fi3a;^^^^ ,„ / 1795^4 1885ft2a;3\ ^ 

H (hdy^" + \ (fidy H ■ 

256 ^ V 128 1024 J ^ ' 

Collecting the terms of ?i-order —2, we have 

'2 "16^ 96 ^ "^ 384 ^ 512 ^ ' ' ' ' 



^ _ 1.-5 , 143x , _ 85x2 g 1885x3 11 
2 4^ 192 ^ 64 ^ 1024 ^ 



<-i 



From this result follows 

1^-3 , ^.-5 „ 143x^.-7 , 85x3 ^ 1885x4 
48^ 4^ 384 ^ 192 ^ 4096 ^ 

This means a2 — and X2 is equal to X2, which is equal to the above expression. 
Substituting these results in (|2.14p . we have 

Substituting this into (|2.9p and (|2.10p for i = 3, we have 

_ 5865^3,2 

2048 ^ ' ^ ' 

By extracting the terms of ft-order —3, we have 

(2) ^ I l^^-9 _ 5865x2 11 
/g 7) 3 + « 2048 

(2)^__155 8 685x 10 
^3 384^ 512 ^ 

Hence, 

'aOo (2) _ dpQ ^(2) 



i5_ 6 155x 8 _ 685x2 
128 384 ^ 1024 ^ 
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which implies as = and X3 = is equal to the above expression. Thus, again 
by (|2.14p . we have 

Consequently, apphcation of exp(Ad((Xo + hXi + 1t?X2 + h^Xj,)/?!)) to / and g 
gives 

which are differential operators up to fi-order —3. 
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